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Abstract
We demonstrate that the van Dam-Veltman-Zakharov discontinuity arising in the M2 ! 0 limit of
the massive graviton through an explicit Pauli-Fierz mass term is absent in anti de Sitter space,
in particular, when graviton acquires mass spontaneously from the higher curvature terms. More
generally, the massless limit M2 ! 0 is attained faster than the cosmological constant  ! 0, and
the absence of discontinuity may persist up to the quantum level. We discuss the eects of higher-
curvature couplings and of an explicit cosmological term () on stability of such continuity and of
massive excitations. We also conrm the earlier assertion by Stelle that the four-derivatives gravitation
eectively explains, in addition to the usual massless graviton excitation, a massive spin-two and a
massive scalar excitation. At tree-level, the massive spin-2 eld is gauge independent but the massive
scalar excitation is seen somehow gauge dependent, thus a gravitational action with four-derivative
terms may have fewer than eight degrees of freedom and/or larger symmetry.
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1 E-mail address: ishwaree@phya.snu.ac.kr
1 Introduction
The issue on whether the graviton has exactly zero-mass or perhaps a small but non-zero mass is an
old but dynamical one. It seems quite reasonable to argue that a spin-2 graviton cannot be strictly
massless if the cosmological constant of the present universe is non-zero. A related question is whether
the M2 ! 0 limit in a massive gravity theory corresponds to the theory where the graviton mass M2
is strictly zero. A known answer in the massive gravity theory with Pauli-Fierz [1] term is that, mainly
because of a discrete dierence between the propagators for the massless graviton and that for the
graviton with mass M2 ! 0, they are not the same. Recently this issue, which can be paraphrased
by a non-decoupling of the extra graviton polarization in the massless limit of the massive graviton,
has got a new impetus in anti de Sitter (AdS) space [2, 3]. The issue is subtle and appealing, and
one may resolve it by looking at the massive gravity theories or the multi mass models of gravity,
other than dened by Pauli-Fierz mass term. A key word of this approach is that van Dam-Veltman-
Zakharov (vDVZ) discontinuity[4] known to exist in Minkowski space may not survive in AdS space,
in particular, if a smooth limit M2= ! 0 exists. Kogan et.al. in [2] and Porrati in [3] used the
spin-2 Pauli-Fierz mass term to demonstrate the absence of vDVZ discontinuity in AdS space at tree
level, and further realization of this non-perturbative continuity for the spin 3=2 eld of N = 1AdS
supergravity has been given in [5, 6]. Absence of vDVZ discontinuity in de Sitter (dS) space was
already shown by Higuchi [7], but the result was restricted there to de Sitter space and hence may
have less importance, for there is no unitary spin-2 representation in the mass range 0 < M2 < 2=3.
A smooth limit M2= ! 0 has been observed in [8] for the four-dimensional theory of massive AdS
gravity by embedding it into a ve dimensional AdS brane-world model.
A clear motivation for introducing the Pauli-Fierz mass term is that it is a ghost-free term for a
free, massive spin-2 propagation at the linearized level. However, as the mass is acquired through an
explicit term, in general, one cannot expect a smooth limit at quantum level. This is not surprising,
because as is well known, the massive spin-2 mode contributes at the loop level and hence the vDVZ
discontinuity could reappear in a theory with a single massive spin-2 as shown in [9]. In this sense,
the construction of a 4D eective theory may appear dicult. But this should not be much subtle as
one would nd by starting with the Einstein-Hilbert action and adding to it an explicit Pauli-Fierz
term to make the spin-2 graviton massive. In particular, if one can spontaneously generate a mass
term of the order 2 from higher curvature terms or an eective four-dimensioanl action from a D > 4
theory, a dierence in graviton amplitudes between the classical and quantum approximations may not
survive. Then one nds reasonable to introduce the higher curvature terms in a ghost free combination
into the starting action. A concrete example is the Gauss-Bonnet (GB) term, which is a ghost-free
combination [10, 11] (see Ref. [12] for the absence of ghost state in AdS5 based a single brane model,
and [13] for more discussion in general D-dimensions). But, it is obvious that the GB term does not
generate a mass term for graviton in four-dimensional flat or curved spaces. Eventually, one is tempted
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to generate mass for graviton of the order 2 by introducing higher-curvature terms in generic form
or by truncating higher dimensional (D > 4) action involving higher derivatives or alternatively, by
integrating out a conformal eld theory living on the AdS boundary.
In this paper we explore the rst possibility and demonstrate that the limit M2 ! 0 indeed
corresponds to M2 = 0 case, but the limit  ! 0 necessarily implies that M2 ! 0. It is known that
there can exist a massless graviton in a 5D flat or curved background, and also that a 4D graviton
in an AdS backgroung can be massless in the brane-world scenarios with two-branes of positive-
tensions. But unlike with Einstein-Hilbert action supplemented by a negative cosmological constant,
in higher derivatives gravitation a pure spin-2 graviton is strictly massless only if  = 0, even though
an additional spin-2 eld generated by the non-zero higher derivative couplings would remain massive.
It is also possible that the peculiar vDVZ discontinuity in flat space is related to the cosmological
constant problem. Porrati in [3] spelled to this conjecture, and this possibility could be one step up
with the higher derivatives, for the theory solves its own cosmological problem.
The outline of the paper is as follows. In Section 2 we give some basic features of the four-
derivatives gravitation and exhibit some remarkable outcomes of the linearized equations in the curved
backgrounds showing that one generates an analog Pauli-Fierz mass term and extra massive degrees
of freedom with the higher derivatives. In Section 3 we evaluate the one-particle exchange amplitude
between two conserved sources and demonstrate explicitly the absence of vDVZ discontinuity in the
 ! 0 limit. In Section 4 we give a brief review of the gravitational light bending showing that
the results with higher derivatives may not imply a signicant deviation from that predicted by the
Einstein’s general relativity. In Section 5 we give a brief account of general covariance with a non-zero
 and a trivial  but including higher derivatives. For  = 0 we explicitly obtain eld equations for the
massive spin-2 and the massive scalar excitations in addition to the usual massless spin-2 graviton. We
also give a brief account of spin and eld content of the linearized four-derivative equations, and the
counting of degrees of freedom by introducing gauge xing term. Section 6 consists of conclusions and
outlooks. Finally, Appendix A presents the basic variational formulae for dierent curvature terms.
2 Effective action and Linear equations
It would be interesting to know what is the most suitable action to describe the interaction of massive
gravitons. It is almost certain that one cannot construct a 4d local eective Lagrangian of metric
fluctuation alone, in particular, if such fluctuation is supposed to characterize physics of the four-
dimensional gravity in higher dimensional (brane-) world. We also know that any perturbation theory
for gravity in D > 2 requires higher derivatives in the free action. Thus, one would nd more convenient
to start with the standard four-dimensional gravity action with a cosmological constant , but also







R− 2 + R2 + R2µν + γR2µνρσ
o
+ Sgf : (1)
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Here Sgf is the gauge xing action. The leading order curvature corrections in (1) are explicitly
present in the string eective action. Here 2; 2; 2γ have dimensions of inverse mass squared and
2 always has dimension M2. However, for simplicity, one can set 2 = 16G4 = 1, and we do so
henceforth, unless otherwise stated. We can keep  arbitrary, but most of the results bear meaningful
interpretations for  < 0 or  = 0. We follow µν = diag(−+++) convention and dene the Riemann
and Ricci tensors as Rµνρ σ = −@µΓνρ σ + @νΓµρ σ − Γλµ σΓνρ λ + Γλν σΓµρ λ ; Rµν = Rµρν ρ.
It is known that the generic higher derivative terms generate massive modes2. As rst pointed out
by Stelle [16], the theory dened by (1) explains , in addition to the usual massless graviton, two new
elds: a massive spin-2 eld with ve degrees of freedom (DOF), and a massive scalar with one DOF.
It is also not unnatural that the fourth order derivative terms lead to production of real graviton,
scalars and ghost particles. However, in order to justify a meaningful implication of HC terms in the
starting action, one requires that their observational eects are exponentially suppressed, and that
these terms do not show oscillating behavior either. In particular, the eect of HC terms should not
bring a signicant deviation from 1=r2 law of Einstein’s gravity and the gravitational bending of light
by a localized source (e.g., the Sun). Also, modication of gravity shall not reveal themselves up to the
super-horizon size. It is conceivable that a very light graviton in the presence of a non-zero cosmological
constant does not show a signicant deviation from the observational eects that of massless gravitons
at large distance scales. For example, the prediction of Einstein’s gravity for the bending of light by
the Sun agrees to the observation with less than 1% dierence, a limit M2=  10−2, therefore, must
be satised by the graviton mass M2, and hence a small graviton mass may not be in contradiction
with the observations [17, 18]. An interesting issue meanwhile could be that how can one distinguish
the eects of large extra dimensions from the eect of massive modes due to the higher dimensional
operators in a theory with higher derivatives. This issue was raised by Tekin in [19], and could be
harder but not non-answerable. The eects of higher derivatives would be dominant only at Planck (or
string) scales, but the eects of large extra dimension(s), if there is any, should appear more general.
























ρσδλ − 2Rµ λRνλ + 2RµλνρRλρ

−
− (2 +  + 2γ) (rµrν − gµνr2R+ ( + 4γ)r2Rµν − 12 gµνR

= 0 (2)
In the linear approximations, the curvature terms like RRµν ; RµρνσRρσ aect the gravitational excita-
tion spectrum near flat space. That is, in a flat background ( = 0), second, third and fourth bracket
terms in (2) do not contribute to the equations of motion linear in fluctuation, but they do contribute
2See Ref. [14] for general review of quantized R2-gravity in four-dimensions and on massive ghosts. Recently, in [15]
the role of γ-term in general R2-gravity in 5d AdS background is shown to lead to interesting results viz appearence of
non-CFT duals and disagreement of entropies.
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(gµρgνσ − gµσgνρ); Rµν = gµν ; R = 4 : (3)
Here = −3=L2 is dened, where L is the curvature radius of the 4-dimensional AdS space (L2 > 0).
Now to study the propagation of the metric in four-dimensions, we introduce the perturbation around





p−g hµνT µν : (4)
One can further make a simplifying assumption that Tµν is co-variantly conserved with respect to the
background metric, rµT µν = 0. In D = 4, to the linearized action for hµν derived from (1), one may







µν − (hλ λ)2
i
: (5)
However, this is not essential to demonstrate the absence of vDVZ discontinuity in AdS background,
in particular, if one can nd an alternative way to generate mass for graviton. Besides this, what
might be more physical is the explicit presence of the leading order quadratic curvature terms in
the gravitational action, which clearly explain a massive or multimass model of gravity, rather than
addition of PF term in a purely 4D theory. Also, we do not prefer the latter, because even if the very
lightest mode of graviton acquires mass in a curved background, it should come dynamically from the
curvature corrections rather than through an explicit term. Further, a purely four-dimensional theory
of massive gravity with PF term is not well dened in four-dimensions [18], for an arbitrary spin-2
eld does not guarantee that this eld will couple to a conserved source, even though some massive
spin-2 graviton KK states can couple to a conserved Tµν in the context of higher dimensions D > 4.
An equally important point here is that whether (5) is the only suitable action known to describe
the interaction of massive gravitons. The origin of this term, though expected to arise from massive
graviton sector of usual Kaluza-Klein reduction (see for example Ref. [21] for a close realization), as a
part of local 4D eective Lagrangian of metric fluctuations is, however, not justied yet in any physical
set-up. And, there is also little hope that such fluctuations characterize the physics of AdS4 (or dS4)
brane fluctuations in higher dimensional AdS space. So we simply drop this in the present analysis.
Now to obtain linear equations of motion for hµν we use the following relations









L hµν − rµ rνh+ 2 r(µ rρhν)ρ ; (7)
R(1) = − Rσρhσρ − r2h+ rσ rρhσρ ; (8)
where the Lichnerowicz operator (2)L acting over the eld hµν is given by








and the operators L’s further obey the following properties [22]
rµ(2)L hµν = (1)L rµhµν ; rµ(1)L fµ = (0)L rµfµ ;
(2)L gµνh = −gµν r2h ; (1)L fµ =
(− r2 +  fµ : (10)




L commute with contraction and covariant dierentiation about the back-
ground. Now it can be easily shown in 4D that the local curvature squared terms in the GB combination
change neither the mass for the zero mode nor the AdS curvature, and there is no mass generated for
the linear perturbations. To justify this one can use  = −=4 = γ to the equations of motion and
study the perturbed equations. That is, with GB term, from the metric variation of SG + SM to the
linear order in hµν , the linearized equations take the form










[ rµ; rλ] hλν = 4Tµν : (11)
By using
[ rµ; rλ]hλν = Rµλα λ hα ν − Rµλν α hλ α =
4
3
(hµν − 14 gµνh) ; (12)
one observes that obviously there is no mass generated for the linear perturbations. The result is clear,
for in ordinary two derivative gravity supplemented by the GB term each of the four gauge-group local
parameters of Di-invariance accounts for killing of two degrees of freedom (DOF), leaving just two
DOF of the massless graviton out of ten DOF of hµν . A general feature of gravitational action with
arbitrary ; ; γ is, however, that the graviton excitations near a flat space could behave as ghosts.
This means that the set of all states would not form a Hilbert space with a positive denite metric. We
stress that in an AdS background with an explicit  term, the theory still bears a clear physics. We
shall therefore introduce the quardratic curvature terms in generic form and show how one can make
a complete sense out of arbitrary ; ; γ. To the rst order in hµν , equations of motion in D = 4 take




L hµν + 2(1 + a2) r(µ rρhν)ρ − (1 + a3) r(µ rν)h+ 2hµν
−4(1 + a3)(hµν − 14gµνh) + (1 + a4)gµν
r2h− (1 + a5)gµν rλ rρhλρ
+ 2(2~ + ~)( rµ rν − gµν r2) ( r2h− rλ rρhλρ) = 4Tµν ; (13)
where rµ is taken to be covariant with rµgλρ = 0, ~ = − γ ; ~ = + 4γ, and the coecients ai are
dened by





























The trace of Eq. (13) takes the formh
2− 4~( r2 + 
2




2− 4~ r2 − 12 r2
i
rµ rνhµν + 2h = 4T : (15)
Now apply r2 to Eq. (15) and arrive to( r2 +M21  rµ rνhµν + h ~ + 6~ r2 −M21 − − r2i r2h = −2 r2T ; (16)
where M21 = −(2~ + 6~) r4. If we dene 2(~ + 6~) r2 = 3M22 , the above equation becomes Eq.(10)
of the Ref. [3] with M21 = M
2
2 (this is indeed the case when ~ ! 0). Notice, however, that with the
constraint variables rµ rνhµν = r2h, the mass term M21 does not show up. As we see below, the
choice j~j 6= 0 always induces a massive spin-2 eld as ghost-like. But, in a ture sense, the ghost pole
does not appear in the physical spectrum in the limit ~ ! 0. This is completely in agreement with
the known result in flat space [16]. An obvious consequence of fourth-order derivatives of the metric in
eld equations is that there are six more degrees of freedom in the theory other than the two massless
graviton states [16], and one can dene some condition to constrain the number of propagating degrees
of freedom. Indeed, the constraint variables dened above appear equivalent to the setting ~+3~ = 0,
the latter kills a massive scalar DOF of the theory.
We now use the above dened constraint3, which is more convenient to compute the one-particle
amplitude. Then from (15), we obtain
(3M2 − 2)h = −4T ; (17)




r2=3. When the curvature squared terms are expressed in the GB combi-
nation, one has ~ = ~ = 0 and in this case no mass is generated. It is also obvious that one does not
generate mass for graviton from the higher derivatives in a flat space ( = 0), even though there could
exist a massive spin-2 ghost and a real massive scalar with non-zero ~; ~.













rµ rν + 23 gµν







rµ ( rµfν + rνfµ = −(1)L fν + 2fν + rν rµfµ : (20)
3For massive gravity theory given by the Pauli-Fierz(PF) term this constraint appears from field equations [3], which
simply follows by taking a double divergence of the linearized equation containing the PF term M2(hµν − g¯µνh). Since
the covariant derivative of the Einstein-Hilbert term is trivial, one finds M2(r¯νhµν − r¯νh) = 0. This may further imply
that r¯µr¯νhµν = r¯2h for on-shell hµν , but reverse is not necessarily true, in particular, in fourth-order gravity theory.
Also, r¯µhµν = r¯νh could be just constraint variables, but cannot be a proper gauge!, because we have no such gauge
freedom in the massive theory defined by PF term.
4This looks different from what a PF mass term is, but would do better because in any effective 4d theory (or a local
4D theory obtained from the dimensional reduction of higher dimensional theory) M2 generally depends on the effective
4D cosmological constant.
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Apply rµ to Eq. (13). Using the above relations we nd
~
( r2 − 11 rµhµν − ~ rν rµ rσhµσ = 0 : (21)
Notice that the covariant derivative of the linearized Einstein-Hilbert Lagrangian is zero. For instant,
if we impose rµ rσhµσ = 0, then Eq. (21) implies that
~
( r2 − 11 rµhµν = 0 : (22)
Here if the mass term is dened by m2 = ~
( r2 − 11, Eq. (22) reveals that only 10− 4 = 6 (Not
5!) components of hµν propagate independently. Five of these correspond to a massive spin-2 particle
and the sixth corresponds to a massive scalar. However, with rµ rνhµν = r2h, we can further reduce
the number to the ve DOF of a massive spin-2 eld. Indeed, the linearized energy of massive spin-2
excitations is negative denite in a flat space background, and in the full theory it remains ghost-like,
but disappears in the limit ~ ! 0. In other words, one can choose ~ = 0 to make the theory free of
spin-2 massive ghost, and there is no any massless ghost in the theory. In regard the massive scalar
modes, due to the negative curvature of AdS, perturbative stabilty does not require the absence of all
tachyonic modes, if their massess do not fall below a bound set by the curvature scale of AdS. In our
case, as ~ ! 0, m2 = 0 or −(1 + 8~). It may be relevant here to quote Wald’s result [23] that at
least one of the spin-2 elds in a consistent theory must be ghost-like (see Ref. [24] for the discussion
in the flat space  = 0 limit, which also discussed the eld content of the four-derivatives gravitation).
Finally, compute the double divergence of Eq. (13) (or simply apply rν to Eq. (21)) and arrive to
−102 ~ rµ rνhµν = 0 : (23)
For the absence of unphysical (ghost) pole, we actually need ~ = 0 or  = 0, and hence the above
condition is always satised, otherwise rµ rνhµν = 0 holds.
We end this section with the following comments. Not surprisingly, since the action (1) possesses
a local gauge invariance, one may cheaply expect that the system of eld equations (13) are explicitly
Lorentz covariance. However, this is not true with higher derivatives in the curved backgrounds with an
explicit  term in the action. In particular, the metric fluctuations hµν are not, by themselves, invariant
under innitesimal transformation. As is well known, higher derivatives obscure the identication of
the proper gauge and constraint variables. A simple way to understand this is that the single divergence
of (13) does not appear to vanish unless  = 0 or ~ = 0. Therefore, the general covariance of the
equations (13) may imply that the evolution of some parts of the eld, in particular, the massive
excitations, is not determined by these equations. Furthermore, a general covariance does not mean
that we have just massless excitations in the theory, rather in a purely 4D theory it essentially implies
an existence of massless spin-2 graviton. More upon this issue we discuss in the Section 5.
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3 One-particle amplitude
As in [3] we decompose hµν as follows
hµν = hTTµν + r(µVν) + rµ rν+ gµν : (24)
This, with the conditions rµV µ = 0 and rµhTTµν = 0 = hTT , further implies that
r2h = r4+ 4 r2 ; rµ rνhµν = r4+  r2+ r2 : (25)
The one-particle amplitude is most easily computed in the gauge rρhλρ = rλh. Eqs. (25) and (17)
then imply (
3 r2 + 4 = −4 (3M2 − 2−1 T (26)
The transverse traceless (TT) part of Eq. (13) is
(1 + a1)
(2)





where the TT-component of Tµν can be expressed in the following form






( rµ rν + gµν=3 ( r2 + 4=3−1 T : (28)
Then the one-particle exchange amplitude between two co-variantly conserved sources T 0µν and Tµν can















L − 2(1 + 2a3)
Tµν − 23 T
0 1




1(−(1 + a1) r2 − 2(1 + 2a3) ( r2 + 4=3 T − 23 T 0 1(3M2 − 2) ( r2 + 4=3 T :
(29)















1 + 4(2~ − ~)
i h
3 + 4(6~ + ~)
i : (30)
Hence the residue is zero when j~j = 0. Thus we must set  = 0 or ~ = 0 in order to expect a
meaningful result. It may be essential to understand the meaning of the pole at r2 = −4=3. At this
pole, the physical sector of the propogator would rise to give







Obviously, a requirement ~ > 0 and ~ < 0, which actually one needs5 for the absence of tachyonic
modes in a flat space background, ensures that  < 0. The correponding mass term M2 is then given
by









For  6= 0, a constraint ~+6~ < 0 still ensures that M2 > 0. For zero residue at the pole r2 = −4=3,
however, we must set ~ = 0 if  6= 0. The mass term M2 then takes the value, by setting ~ = 0,






> 0 ; for ~ < 0 : (33)
3.1 jΛj >> β˜, β˜ ! 0 and then Λ ! 0
Much can be understood in the limit ~ ! 0 and jj > 0. Indeed, by setting ~ = 0, one can kill the





1 + 8~+ 2~
( r2 − 2=3i
1 + 8~+ ~








; M2 = −8~2 > 0 ; (~ < 0 ; j~j << 1) ; (35)





















2T 0µν e2−1 Tµν − T 0 e2−1 T  ; (37)
where e2 = − r2 − 2eff + M2eff . It might be relevant to compare this to the physical pole at
r2 = M2PF − 2 when one introduces an explicit Pauli-Fierz mass term instead of higher derivative
terms. When ~ ! 0, eff !  and M2eff ! 0. Further, if we set  = 0, one nds the well known
one-particle exchange amplitude for a massless graviton in pure Einstein’s theory. This may be enough
to understand that the absence of vDVZ discontinuity in AdS space. In a physical sense, ~; ~; ! 0
correspond to the massless graviton mode of the Einstein gravitation, and all the extra degrees of
freedom decouple in the limits ~ ! 0 and  ! 0. Of course, for j~j ! 0, a non-zero ~ renormalizes
the Newton constant, and the AdS mass of graviton would be of the order 2.
5However, as in AdS supergravity, due to the negative curvature of AdS space, perturbative stability may not require
the absence of all tachyonic modes for the massive scalars, if their massess do not fall below the bound set by AdS
curvature scale.
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3.2 jΛj << β˜, Λ ! 0 and then β˜ ! 0













= 0 ; (38)
there are two poles corresponding to positive and negative roots of r2 (with j~j << 1 and j~j << 1)














Obviously, when  ! 0, one nds M21 = 0 and M22 = 1=~. If we further send ~ ! 0, the massive
spin-2 eld, which shows a ghost-behavior, decouples from the theory. While, the analogue Pauli-Fierz









































which is always −1 in the limit  ! 0, so that
A = GN

2T 0µν P−1 Tµν − T 0 P−1 T

; (44)














which is always −2=3 in the limit  ! 0, so that
A = GN





The results (44) and (46) are the well known the vDVZ amplitudes for massless and massive spin-2
elds in flat space. In particular, for ~ 6= 0, the lowest mass of a localized graviton in AdS4 space
is quadratic one of , i.e., M2 / 2. The amplitude (46) remains the same even when we take the
limit ~ = 0, except that P = r2. So a clear message with the higher derivatives is that, even though
the propagator is found to have a single pole in the limit  ! 0, ~ ! 0, (i.e., P = 1= r2), there are
two dierent propagators - one is massless (Eq. (44)) and another is massive (Eq. (46)). This has
been possible due to two dierent root solutions for r2, where obviously r2− corresponds to the usual
massless graviton of Einstein’s theory.
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3.3 Flat space limit Λ = 0
With the above observations, we nd useful to discuss some of the well known results of the four-
derivatives gravitation in a flat space ( = 0) limit. For example, the non-relativistic potential for






















 ; m22 = 1
2 ~
; (48)
and, m0; m2 are the mass terms for spin-0 and spin-2 particles. Obviously, for the absence of tachyonic
modes, one must satisfy6 ~  0 and ~ + 3~  0. That is, a fourth-order gravity action eectively
denes three modes, one of which is the massless graviton, and among the other two- one is a massive
spin-2 eld and rest one is a massive scalar, both these massive modes would rise to give Yukawa-type
interactions. The limits ~ ! 0 and ~ = −3~ are easy to understand in our formalism. It should be
stressed that a limit ~ + 3~ = 0 alone does not correspond to the non-relativistic (Newtonian) limit,
rather we must set simultaneously ~ = 0. After these settings one gets the usual Newtonian potential.
This is a reflection of the fact that in 4D GB term does not aect the Einstein’s gravity at all. For
~ < 0, due a tachyonic mode (i.e., m22 < 0), the higher derivative terms exhibit oscillating behavior of
potential, and to avoid this we always need ~  0. For example, setting ~ + 3~ = 0 in the Eq. (15),
we nd, Eq. (10) of the Ref. [3],
−2 r2h+ 2 rµ rνhµν − 2 + 3M2h = −4T ; (49)
where the analogue Pauli-Fierz mass term M2 is dened by
M2 =





= 2~ r2 : (50)














Now in the limit ~ ! 0, M2+ = 2=3 and M2− = 0. Clearly, when M2− represents mass of the spin-2
graviton of pure Einstein’s theory, mass term M2+ may still characterize the Pauli-Fierz mass for the
graviton, but this should also vanish for  = 0. Of course, for general ~ and , the relative signs
and ratio between ~ and  would be important, and in this case asymptotic expansions of such terms
in the roots of r2 are needed. However, for ~ = 0, which might be essential for the absence of the
6In some literature, the above mass terms are reported with opposite (wrong) signs, viz. −˜  0 and ˜ + 3˜  0, but
one can easily check this by following different approaches to analyse the spin and particle content of the four-derivatives
gravitation.
11
massive spin-2 eld as well for vanishing residue at the unphysical pone, one nds 0 < M2+ < 2=3. In
the limit  ! 0, though both M2− and M2+ approach to zero, M2− reaches to zero faster than M2+ does.
For ~ 6= 0, the massive spin-2 eld can behave as ghost-like. Another way of seeing the presence of
ghost-behavior is that one of the correction terms to the Newtonian potential in (47) has a coecient
4=3 with wrong (positive) sign, and an ultimate way to make the theory free of ghost at the tree
level is to set ~ = 0. It is remarkable to note, which is also recently reviewed in [25, 19], that for
nite m0; m2 and at large distances, the potential (47) reduces to Newtonian limit, and it is nite for
r ! 0. It was known that there is no vDVZ discontinuity even with Pauli-Fierz term when one sums
up all the tree-level graphs [26], i.e., in the full non-linear analysis. Thus, with a non-zero cosmological
constant, regardless one introduces Pauli-Fierz term or higher derivatives, the vDVZ discontinuity is
gone already in the lowest order tree level approximation, and this might be a property of any space
with non-zero curvature.








  0 : (52)
In the limit ~ + 6~ = 0, one has m20 = −m22 = 1=~ = M22 (M22 was dened in Eq. (40)). On the
other hand, in the same limit, one nds M2− = M2+ = 0 = M2. Since M2 = 0 limit corresponds to
the spin-2 massless graviton, we can take the limit ~ ! 0 (i.e., m0 / 1; m2 / 1) to arrive at the
standard Newtonian limit for non-relativistic potential. For a non-zero ~, there may arise the problem
of negative probablilities for processes involving an odd number of massive spin-2 quanta and hence
violation of causality. However, since the parameters ~ and ~ are small enough to make the massive
elds, the breakdown of causality might occur only on a microscopic scale - near a Planck scale -
10−33cm, thus one nds almost no violation of causality within the present observational limits, i.e.,
from mm to few Hubble scales.
Let’s conclude this section with the following comments:
At rst we shall wish to comment upon the structure and origin of the mass term M2. Miemiec
showed in [27] that for localized massive gravity on AdS4 brane, the lowest order mass of the graviton
is quadratic one of , i.e., M2 / j2j. One may treat this quadratic dependence on  as corrections to
anti de Sitter gravity. It is argued in [28] that in addition to a bare mass (M2 / jj) of graviton, there
would exist a CFT correction to the graviton propagator via the AdS/CFT correspondence, which
takes a form of M2 / jj2. Thus a mass term proportional to 2, besides a bare mass M2 / jj,
would be quite physical, and further may imply a clear message for the AdS/CFT correspondence or
dual holography.
The amplitude (29) is non-singular in the limit M2 ! 0. More precisely, the amplitude is smooth
in the limit M2= ! 0, because M2 could reach to zero faster than  goes to zero. Thus, the vDVZ
discontinuity for a massive spin 2 graviton in flat space even at the perturbative level could be only the
artifact of an explicit mass term in the starting action, e.g., Pauli-Fierz term. For ~ = 0, we have only
12
one massless pole as ! 0. That is, in the limits  ! 0, ~ ! 0, one nds the well known one-particle
exchange amplitude for a massless graviton of pure Einstein’s theory. In a curved background, we may
have ~ > 0, and remarkably there is no unphysical pole in the bare propagator while sending j~j ! 0.
Therefore the theory dened above clearly provides a good limit concerning a sensible massless limit
when M2=! 0.
Finally, we end this Section by arguing that the presence of a massive spin-2 ghost (negative residue)
in the bare propagator does not mean that unitarity is always violated. In parallel spirit, one might
expect some solution of the ghost problem to exist even in string theory, which includes the leading
order curvature terms in quadratic form, but string theory, nonetheless, does preserve unitarity. Living
with ghosts without making any contradiction to the known precision of experimental observations or
an extremely small violation of Lorentz invariance in nature could be the truth!
4 Gravitational bending of light
Since the prediction for the light bending in a massive gravity theory is o by 25% from that of a strictly
massless graviton predicted by Einstein’s gravity, a massive graviton is ruled out in the conventional
gravitational theory, how extremely small mass it can have. But this conclusion is not completely
satisfying for two reasons. Firstly, at the classical level the trace of the energy-momentum tensor for
light is zero, and hence the trace part of the propagators (for example, in Eqs. (44) and (46)) is not
operative for light bending, and also the loop eects are insensitive to the classical measurements of
gravitational bending. Secondly, the lowest tree-level linear approximations with Pauli-Fierz term may
not work as a model of massive gravity at solar system distances [26, 18], where as MPF ! 0, the
higher order corrections, which are propotional to the inverse of MPF ( mg, graviton mass), are
singular in the graviton mass as shown in [26, 18]. The four-derivative gravity dened above, however,
is free from this illness.












where m22 = 1=~. As ~ ! 0, m2 goes to 1 and the second term would be absent. Then one nds
just the massless graviton propagator as expected. In our gauge, however, the massive scalar pole at
r2 = −m20 does not show up. Putting this in another way, the amplitude is








(µρνσ + µσνρ)− 13 µνρσ
)
T ρσ : (54)
However, in Ref. [29] it is shown that in the Feynman gauge the bare propagator takes the form



















For both expressions, since T µν = µ0ν0T00 for a static source, one promptly obtains the same result
(either from (54) or from (55))




















where E is the energy of the incident photon, M is the mass of a localized object like the Sun, and  is
the scattering angle. The presence of second term with a negative sign implies that the gravitational
deflection of light predicted by fourth order gravity is always smaller than that predicted by Einstein’s









ln(1 + a2) ; (58)
where E  (4G M )=R, with R being the Sun’s radius, and a = m2=(E). As expected, when ~ ! 0
(i.e., m2 !1), one nds ! E, and for light rays passing very close to the Sun’s surface, E = 1:7500.
However, for any positive value of a2, the right hand side of Eq. (58) is always less than 1, so that
0 <  < 1:7500. It was argued in [29] that, unlike in Einstein’s gravity, the fourth order gravity may
produce dispersive photon propagation, i.e., the deflection of light rays passing by a gravitational source
(e.g., the Sun) is energy dependent. It appears that a known slope of E can relate (=E) to ~. It
was also argued in [29] that the gravitational rainbow may be observable for 1061 < ~ < 1069. If such
eects are observed in the gravitational wave experiments, the mass of the massive spin-2 eld may
be constrained. Otherwise, since m0; m2 are loosely constrained by & 10−4cm−1 on distance scale
r  1m, the inequality ~ < 1074 holds.
5 General gauge covariance
Indeed, there is a lack of an appropriate gauge with higher derivative terms in AdS or dS backgrounds.
Also, it should be stressed that any viable gauge in a general four-derivatives gravitation can involve,
in particular, in the absence of gauge xing term, third derivatives of the potentials (or metric fluctu-
ations), unlike the de Donder gauge in Einstein-Hilbert theory, which involves only rst deivatives of
the potential. In a flat space background  = 0, since the curvature terms like RRµν ; RµρνσRρσ do
not contribute to the linear approximations, the linearized eld equation (13) is manifestly invariant
under the coordinate transformation xµ −! x0µ = xµ + µ, where µ(x) is innitesimal vector eld.
For  6= 0, however, the metric fluctuations hµν are not, by themselves, invariant under innitesimal
transformation, and hence one may have to abandone the requirement of explicit Lorentz covariance
in the linear theory given by (2). Since the problem dened in [16] was restricted to a flat space
background and also in the absence of cosmological term in the starting action, here we shall make at
rst a cursory inspection for  6= 0.
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5.1 The non-vanishing Λ case
To justify the above mentioned argument, let’s write the action in the following form (i.e., setting




p−g (R− 2 + R2− 2Z d4xp−g hµνT µν : (59)
The equations of motion linear in hµν take the form





+ hµν + 2

Rµν − 12 gµν
R








( rµ rν − gµν r2 R − gµνhλρ rλ rρ R− rσ Rgµνgλρ Γσλρ − Γσµν = 2Tµν :
(60)
On using the background solutions (3) and the relations (6,7,8), the above equations reduce to




+ 8(2)L hµν +
8

2 r(µ rλhν)λ − rµ rνh

− 4 ( rµ rν − gµν r2− r2h+ rλ rρhλρ − h = 4Tµν ; (61)
where LE is the linearized Einstein term given by





As is well known,  = 0 (i.e., M2 = 4 r2 = 0) case explains only the spin-2 massless graviton. It
is important to ask whether a non-zero  can induce any extra physical degrees or we still have only
two physical propagating degrees of freedom. Stelle [16] showed in a flat space background ( = 0)
that the action (59) eectively contains a positive energy massless spin-2 eld and also a massive
scalar eld with mass m20 = 1=(−64 ) > 0. For  = 0, Eq. (61) is clearly invariant under the gauge
transformation hµν ! hµν + r(µVν). One can use this invariance to set
rµhµν = 12
rνh ; (63)
which removes four degrees of freedom. Setting Tµν = 0 and  = 0, one is left with
(2)L hµν − 2hµν = 0 : (64)




rν rµVµ = 12
( r2 + Vν = 0 : (65)





Vν) = − r(µ
( r2 + Vν) = 0 : (66)
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Since this equation is exactly solved by the gauge xing condition (65), there remains only 2 (10−4−4)
physical propagating degrees of freedom [3], which correspond to a massless spin-2 graviton.
Now for arbitrary , using the same gauge transformations as above, we nd




Vν) + 2 rµ rν
( r2 −  rλV λ
+ gµν
( r2 + 2 ( r2 + 2 rλV λ = 0 : (67)
The gauge-xing condition does not automatically solve this equation unless  = 0 or rλV λ = 0. One
nds then three7 (= 10−4−3 ; not just two!) physical degrees of freedom in the theory dened by (59) -
two of them correspond to a massless graviton and the rest one to a massive scalar excitation. Indeed,
Whitt in [30] explicitly showed that the fourth-order gravity theory dened by (59) is conformally
equivalent to Einstein’s gravity with a massive scalar eld, which is enough to understand the presence
of a scalar DOF in the theory dened by (59).




p−g (R− 2 + RµνRµν)− 2
Z
d4x
p−g hµνT µν ; (68)
The linearized equations for this action take the following form, up to the terms that vanish on Einstein
backgrounds (3) (see the Appendix A),















2 r(µ rλhν)λ − rµ rνh

− 2 ( rµ rν − gµν r2 − r2h+ rλ rρhλρ − h = 4Tµν ; (69)
Set Tµν = 0, subtract the trace part, impose the gauge 2 rµhµν = rνh, and nally arrive to




















rλV λ − 2
2
3
gµν rλV λ = 0 : (70)
Obviously, the gauge xing condition (65) does not solve this equation. What this implicitly implies
is that the theory dened by (1) has massive modes, other than the usual massless spin-2 graviton,
i.e., not all the components of hµν can be xed by a single gauge. To a loose end, by suitably dening
some other gauge, one may exhibit the gauge invariance of the linearized equations. Nonetheless, we
stress that the general covariance does not imply that the theory should contain only a spin-2 massless
graviton, and it is well known that the theory dened by (68) has a massive spin-2 mode other than
the usual massless graviton [16, 14].
In a reasonable way, the above problem in a flat space background was tackled by Stelle [16]. The
main idea was that - in order to get fully gauge invariant equation, one may have to use the gauge
invariances twice - once to x some of the components and then again to constraint the initial data.
7Notice that there should be an extra constraint, so that only 3 out of the 4 gauge variables are free.
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The situation is somewhat similar to what happens in D > 4 with Gauss-Bonnet term, where a fully
gauge invariant equation can be obtained using a two-step procedure (see for example Ref. [31] in a
brane-world context). However, in the presence of four-derivative terms, the equations of motion are
more complicated, so that one may have to impose constraints at the initial data including higher
derivatives. Nonetheless, the idea above is directly applicable to  = 0 case and/or a conformally flat
background, and the problem is more subtle for a non-zero .
Here a more remarkable point to us could be that one can make the residue at an unphysical pole
of bare graviton propagator zero only when either  or ~ (=  + 4γ) is trivial. Thus, we keep the
issue on menifest/general gauge covariance with  6= 0 open, and move ahead by taking  = 0 but
a non-zero ~. In a flat space background, one may separate the fluctuations hµν into massless spin-2
eld8 µν(= h
(E)
µν ) and massive elds µν . The eld µν can be broken up into a pure spin-2 eld µν
and a massive scalar  . Being more precise
hµν = µν + µν ; µν = µν + µν + 2m−2@µ@ν : (71)
However, since we also have the massless eld µν , the gradient term above may be dropped, for it can
be absorbed into a gauge transformation of µν . Not suprisingly, the gauge invariance of the original
action is characterized by a gauge invariance for the µν eld alone.
5.2 The vanishing Λ case
With  = 0, the linear equations derived in (13) take the following form
1 + ~2

Rµν − 12 µνR

− ( ~ + 2~) (@µ@ν − µν2) R = 2Tµν ; (72)
where
Rµν = −12 2hµν + @(µ@
ρehν)ρ ; R = −12 2h+ @µ@νehµν ;
2 = µν@µ@ν ; ehµν = hµν − 12 µνh : (73)










2 R = −2
3
T (74)





2hµν − 16 µνR

+ @(µΓν) = 2









@ρehµρ −  ~ + 2~ @µ R : (76)
8Note that h
(E)
µν represents the massless spin-2 field (graviton) of the Einstein’s theory when ˜ = ˜ = 0.
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As expected, for ~ = ~ = 0, the eld equations (75) and (74) in the gauge @ρeh(E)µρ = 0 yield
2µν = −4

Tµν − 12 µνT

; (77)
where h(E)µν is represented by µν . Notice that under the coordinate transformation xµ −! x0µ = xµ+µ,
the variables Γµ(x) transform as




2 µ(x) : (78)
Now the gauge must be xed by choosing some arbitrary relations which determine the µ in terms of
arbitrary variables and their derivatives. Practically, one can also choose a gauge that determines µ
in terms of the given Cauchy data on the initial hypersurface. A simple viable gauge is Γµ(x) = 0 ,
which is known as \Teyssandier" gauge [32], and this gauge choice was justied in Ref. [29]. Obviously,
for ~ = ~ = 0, Teyssandier gauge reduces to de Donder gauge @ρ~hµρ = 0. With Γµ = 0, the Eq. (75)





Tµν − 13 µνT

; (79)
where m22 = 1=~ has been used, and the massive spin-2 eld µν is dened by
µν  −2hµν − (1=3) µνR
m22
: (80)
Indeed, consistency of Eqs. (79) and (80) with Γµ = 0, latter as a gauge condition, also requires that
@µ@νµν −2 = 0, which is the reminiscent of the constraint variables rµ rνhµν − r2h = 0 in the full
theory dened by (13). Eq. (79) may be written as
2µν −2hµν − 13 µνR = 4

Tµν − 13 µνT

: (81)


























( ~ + 2~)2

R = 0 : (83)







R = −2T : (84)
Subtitute this value of R into the Eq. (81) and arrive to
2










where as dened previously m20 = −1=(2( ~ + 3~)). Evidently, Eqs. (77) and (85) reveal that
hµν = µν + µν + µν ; (86)






































hµν Kinvµνρσ hρσ + 2hµν Tµν

; (89)
where the dierential operator kernel Kinv for the di-invariant part is
Kinv = 2(1 + ~2)P (2)µνρσ − 22

1− 2(~ + 3~)2

P (S)µνρσ ; (90)











µνρσ ; µν − µν = @µ@ν
2
 !µν : (91)
Here P (2) and P (S) are symmetric under  $ ,  $ ,  $ . As we illustrated in the last
subsection, in the absence of gauge xing term, Kinv explains eight physical propagating degrees of
freedom in the spin subspace 2  S, which correspond to the massless graviton (µν), the massive
spin-2 eld (µν) and a massive scalar ( ). Indeed, we can make the four-derivative gravitational
action complete by including to (89) the following gauge xing term [33] (see also references therein)
Sgf =
Z
d4xµ(h)Gµν ν(h) ; (92)
where
µ(h)  @νhµν − 1 rµh ; Gµν  2 rρ rρgµν + 32
r(µ rν) + 4 gµν ; (93)
with 1;    ; 4 being the gauge xing parameters. The gauge xing contribution in terms of the
dierential operator kernel is
Kgf = −6212 P (S) −2 (4 +22) P (1) − 2(1 − 1)

(1− 1)2 P (W ) − 12 P (SW )

(94)








(W ) = !µν!ρσ ; P (SW ) = µν!ρσ + ρσ!µν : (95)
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The total contribution to the four-derivative dierential operator is given by the sum K = Kinv +Kgf .
The presence of operator P (SW ) actually obscures the identication of the propagating degrees of
freedom. The resolution of this diculty was given by Bartoli et.al. [33]. According to [33], one can
redene the eld hµν by the following transformation
K −! bK = AKA ; (96)
so that the operator A(1) dened by
A(1) = P (2) + P (1) +
2
3





P (SW ) (97)
is invertible, and becomes a numerical matrix for 1 = −2. While, the new eld h^µν is transformed as
h^µν = (A−1)ρσµν hρσ (98)
Finally, the quartic propagator obtained by inverting the projectors take the following form [33]
P(h^) = 1
(1 + ~2)2
















4 + (2 + 3)2
 P (S) : (99)
This can be split into two new elds b^h and b^ as
P1(b^h) = 1
2




(W ) − 1
42
P (1) − 27
8
21
(1− 1)4 42 P
(S) ; (100)

























; m2w = −
1
















2 bN ; b^ = bNh^− 2^2 bN ; (103)
where bN  1
2
P (2) − 4 P (1) − 427
(1− 1)2
21




P (S) : (104)
The sign in front of each spin operator in Eqs. (100) and (101) is important. Obviously, in the masslessb^
h sector Eq. (100), there are just two physical propagating degrees of freedom in P (2), which correspond
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to the massless graviton, while other three ghost modes (if 4 > 0) are just gauge degrees. On the
otherhand, the massive b^ sector (Eq. (101)) contains a massive spin-2 eld of mass m22 with ve degrees
of freedom and one physical scalar with mass equal to m20 dened previously, and rest are just the
gauge degrees of freedom, but they are not necessarily ghost excitations, it depends upon the sign of
gauge parameter 4. If 4 < 0 (provided also that 2 < 0 and j2j > j3j), all gauge dependent massive
elds in b^ sector become real gauge dependent elds, otherwise they show ghost behavior.
As pointed out by Antoniadis and Tomboulis [34], more than ten years ago, that the massive spin-2
excitation (in the b^ sector above) in a flat spacetime background is unstable. The modied expansions
with dressed propogators, however, exhibited that the dressed propagator is explicitly gauge dependent.
So, in the full theory, the result may be that only transverse massless graviton is gauge independent.
At any rate, it is essential to quantize the theory to extract any concrete ideas about the vDVZ
discontinuity at the quantum level. Obviously, one must then add the compensating higher derivative
Faddeev-Popov Lagrangian including fermion ghosts and auxiliary commuting elds, but study of this
issue is beyond the purposes of the present work.
6 Conclusions and Outlooks
In conclusion, we have seen that the leading order curvature terms as quadratic corrections to Einstein’s
gravity dene a theory with a number of striking properties. The absence of van Dam-Veltman-
Zakharov discontinuity in AdS space in the M2 ! 0 limit of the massive graviton is just a simple
example shown above. Though one may have to check whether these results persist up to the loop level,
such eects are much suppressed and would be insensitive to the present experimental observations,
like gravitational bending. Nonetheless, one can expect vDVZ discontinuity in the graviton propagator
to be absent even at loop level since the mass of the graviton is generated dynamically from the higher
curvature terms. There is a clear message that a quadratic gravity itself deserves as a consistent theory
of massive spin-2 eld with sensible massless limit. This is the main thrust of this paper. We also
obtained the general solutions to the linearized higher derivative eld equations by specializing to the
 = 0 case in the Teyssandier gauge and explicitly identied the physical eight degrees of freedom
of the theory. Finally we completed our discussion with a cursory inspection of the general gauge
covariance by including the gauge xing term. We argue that cubic or higher corrections will reinforce
the stability of solution by introducing unavoidable ghosts (unphysical poles) in AdS space on the
basis of renormalization argument [35].
As some outlooks, we at rst note that in any eective 4D theory obtained from the dimensional
reduction of higher dimensional theory both M2 and H20 (H0 is the Hubble parameter) depend on
eective 4D cosmological constant. Since   H20 , the ratio M2=  M2=H20 when remains nite, a
massive graviton may contribute to gravity with a meaningful phenomenology. It is probable that a
small fraction of the gravitational interactions is associated with a massive graviton component, which
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could be even ghost-like, while still dominant is the component of massless gravitons, and this is indeed
a general feature of four-derivatives gravitation. In brane world models, on the other hand, one may
realize similar eects by having an ultra-light spin-2 particle with a very small coupling compared to
massless graviton as pointed out in [8, 18, 36].
It is known that potential correction to 4D gravity induced by the CFT match the corrections from
the high energy 5D graviton modes. Thus, it might be interesting to understand how the eective
potential behaves when one starts from an AdS5 theory including higher derivatives and truncate the
theory to AdS4. This might be helpful to understand whether one can give a non-trivial mass to
graviton from the higher curvature terms. It appears from the work of Karch, Katz and Randall [37]
that for an AdS4 brane embedded in a AdS5-based theory, one can choose a gauge such that the lightest
KK fluctuation mode contains only two polarization states, despite the presence of a nonzero mass
parameter. If this argument holds precisely at the quantum level, a similar thing should happen when
higher-curvature terms are introduced in some Euler invariant forms, the latter combination simply
renormalizes the 4D Newton’s constant and the eective  on the AdS4 brane, a further benet then
could be that one nds a clear picture of the mass spectrum for graviton.
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Appendix A: Linear Field Equations for R2-Gravity
For the mathematical clarity, we give the following variational formulae for dierent curvature and
derivative terms.
(i) Variation of Gµν
Gµν = Rµν − 12 gµνR −
1
2













(ii) Variation of Iµν
( R (Rµν − 14 gµνR
Iµν =

Rµν − 12 gµν
R

















(iii) Variation of Jµν
( RµρνσRρσ − 14 gµνRρσRρσ






























(iv) Variation of Kµν
( RµρσδRν ρσδ − 14 gµνRρσδλRρσδλ − 2Rµ λRνλ + 2RµλνρRλρ
Kµν = 2 R(µ
ρσ jλj Rν)ρσ λ −
1
2
gµν Rρσλ τRρσλ τ + 2 Rρ σRµρν σ + 2 RµρνσRρσ − 4 R(µ ρRν)ρ
−

Rµραβ Rνσ αβ − 12 gµν






(v) Variation of rµrνR






( rµhνσ + rνhµσ − rσhµν (A.6)





= r2Rhµν − gµνhλρ rλ rρ R+ gµν

r2R − gρσΓρσ λ rλ R

(A.7)
(vii) Variation of r2Rµν

(r2Rµν = r2Rµν − hρσ rρ rσ Rµν − gρσΓρσ λ rλ Rµν − (2 rρ RµσΓνρ σ + Rµσ rρΓνρ σ + $ 
(A.8)
Eq. (2) can also be written in the following form (2 = 1)
Rµν − 12gµνR






















 (rµrν − gµνr2R+ ~r2Rµν − 12 gµνR

= 0 ; (A.9)
where, as dened in the text, ~ =  − γ, ~ =  + 4γ, and the Gauss-Bonnet curvature squared
R2GB = R2 − 4R2ρσ + R2ρσλτ . For the background solutions (3), terms in the bracket multiplying with
23
2γ have a trivial contribution for the linear perturbations. While, on the Einstein backgrounds (3),




 ( rµ rν − gµν r2 R + ~ r2Gµν + 2~ r2hµν : (A.10)
Finally, using the results (i)-(iii), and (A.10), we arrive to Eq. (13) given in the text.
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